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The kinetic energy of the system:

KE =%lw?
= L2/ 2I since: L= lw

where L = Angular momentum
| = Moment of Inertia
w= Angular velocity

| = pr?
where p is the reduced mass = m;m,/(m,+m,)
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Now the Schrodinger equation is
HY = EW
Where H=T+V

Since the potential energy is assumed to be zero
H=T=12/2l

Now the angular momentum operator L? can be written as

12 =12 +12 + L4
X Yz
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TRANSFORMATION OF CO-ORDINATES

Er.
P

z2=r cosH

-y

x=r sinf cosg

x/ y=r sind sing L

X = rsinBcosd y=rsinBsin¢ z= rcosO
r2=x2+y? + 22
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Now putting the value of L2 in the Schrodinger equation

E
—y=E
Y = EV

2
L —h° _1 6(3in6’ij+ _12 82 v =Ey
2| sin@ 06 00) sin“0 op

2
10 (smea””j L vl 2l
sing 66 00 ) sin?00¢® |

2 2
00 ) sin®0op° | h*
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Now, W is a function of 0 and ¢ and both are independent of each other.
Hence,

W(6,$)=0(0). D(d)

Now multiplying Sin20 in the previous equation,

2 2
sin Hi(smé?@‘”j a"g o7\ Esin® 8y =0
06 00 ) op°| h*

87z2|

Assume, [ = " E

Now the equation becomes

2
Sin eﬁ(sm Ha"”j+ﬂsin2 Oy = 0 l/g
00 06 Op
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Substituting the value of

Kl 00(0) ., 0°D(g)
CD(¢)SII’\9@9(SIH9 0 j D(P)O(O)Bsin” 6 = -O(0) Py

Now dividing throughout by i
sin@ o (sin@a(g(e)

0(0) 0 ; j+ﬂsin29:— 1 0°0()

D(g) dp°

As the terms are separated now, they can be equated to one constant, as they
are independent of each other. ,
1 o' _

O(g) 0’
Then Sind 9 (Sin96®(9)

j+,85in2 0 =m’
O(0) 06 0

Assume -
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Now we have two different equation to solve.
Solving individual equations and then combining will provide the
solution for rigid rotor.
O varies from 0 to n.
¢ varies from 0 to 2m.
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Solution to & equation

2
Wehave - 1 ¢ @(2¢) =m*
D(g) Op
0°®D
0p°
The general solution tosuch equation Is
®(¢) = Ne™

N 1s the normalization constant.
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Normalization of ¢ equation

Applying Normalization Condition

[@(p) D(p)dg =1

27

j Ne ™ Ne™dg =1
0]
27
N 2 j dg =1
0]
1
— N =—
N 27T
Hence the solution becomes
1

D(¢) = — e™  m=0,+1,+2....

Prepared by Dr. Pradeep Samantaroy




Solution to © eqguation

Then MY 9 (sin9@®(9)j+ﬁsin26’—m2:0
0(0) 06 0

It will become easier to solve, if this equation can be transformed to Legendre equation

Assume X =c0s &

Then 1-x°=sin’0

V1-X? =sin@ =dx=-singddo
Let ©(0) =P(X)

d dx d . d
- =—5inf—=—-1-%X* —
dé d@ dx dx dx

Prepared by Dr. Pradeep Samantaroy




Now the ® equation becomes

,. 0°P(X) oP(x) m -
(1-x°) PV —2X PV +(,B 1_ijP(x)_O

This is similar to Legendre equation, where 3 = [(I+1)
| is the azimuthal quantum number.

Now the solution to the Legendre equation becomes

l

m m d
R0 = (1Y

(x* 1)

R(X)

1 d

A= o

Find B(x)forl =012...
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Now |m| <
It can’t be greater than |, as the Legendre equation becomes zero.

Using the value of x, we can find solution to © equation as
0(6) = N, ,R"(x)
N, . Is the normalization constant.

N - \/(2I+1)(I-|m|)!
™ 231+ |ml)!

_ (2 D)A-m]Y Sy
®(9)—J 20+ RX)
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Now the complete wavefunction for rigid rotator Is

¥(0,4) =0(0).0(¢)
) \/(2|+1)(I-|m|)!ﬂ|m|(x). L

2(1+Im)! J2r
) \/(2! A1) (DT i in
Az (I +]|m|)!

where [=0123 & -1 <m<|
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87°IE

L=1(+1) = w
2
E = I +?h wherel =0123....
877l
In Spectroscopy
2
E = JO +21)h whereJ=0123....
877l

J 1s known as rotational guantum number.
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